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Abstract 

Several theories have been proposed to generalise the concept of 
analytic continuation to holomorphic functions of the disc for which the 
circle is a natural boundary. Elaborating on Breucr-Simon's work on 
right limits of power series, Baladi-Marmi-Sauzin recently introduced 
the notion of renascent right limit and rrl- continuation. 

We discuss a few examples and consider particularly the classical 
example of Poincare simple pole series in this light. These functions 
are represented in the disc as series of infinitely many simple poles 
located on the circle; they appear for instance in small divisor problems 
in dynamics. We prove that any such function admits a unique rrl- 
continuation, which coincides with the function obtained outside the 
disc by summing the simple pole expansion. 

1 Introduction 

When one is given a function g holomorphic in the unit disc B, one can ask 
whether g is related in some way to a holomorphic function defined outside 
the disc. A first answer to the question comes from Weierstrafi's notion of 
analytic continuation. Given a point A on the unit circle, if there exists 
a neighbourhood V and a holomorphic function on V whose restriction to 
V n D is g, then we say that A is a regular point and the restriction of g to 
the outer part of V is an analytic continuation. If there is no regular point 
on the unit circle, then we say that the unit circle is a natural boundary 
for g, but is it the end of the story? 

It is the purpose of "generalised analytic continuation" to investigate 
this situation and suggest other ways in which an outer function can be 
related to the inner function g. The reader is referred to the monograph 
[RS02j for a panorama of various theories which have been proposed to go 
beyond Weierstrafi's point of view on analytic continuation. 

This paper deals with a particular case of generalised analytic continu- 
ation, called rrl- continuation, which was put forward in the recent article 
[BMS12j . This notion is based on the right limits introduced in |BS11| as a 
tool unifying various classical criteria to detect a natural boundary. In the 
first part of the article, we review the definition of rrl-continuation, illustrate 
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it on examples and discuss ways in which it can be useful in the theory of 
dynamical systems. 

In the second part, we apply the theory to the classical situation, first 
considered by Poincare in 1883, where g(z) is defined for \z\ < 1 as a series of 
simple poles ^ ~rre^i where the points e l9n are dense on the unit circle and 
the nonzero complex numbers p n form an absolutely convergent series. For 
such a function the unit circle is a natural boundary in the classical sense; 
however, there is a natural candidate for the outer function, namely the sum 
h(z) of the simple pole series for \z\ > 1. We shall prove (Theorem I3.4|) that 
every simple pole series g(z) inside the disc has a unique rrl-continuation, 
which coincides with the outer function h(z). 

2 Continuation by renascent right limits and dy- 
namical examples 

2.1 Preliminaries 

We are interested in holomorphic functions defined in the unit disc by power 
series of the form 

oo 

g{z) = Y j a k z k (2.1) 

k=0 

with a bounded sequence of coefficients {afcjfceN- Our aim is to investigate 
the possibility of defining 'generalised analytic continuations' for \z\ > 1 
even when the unit circle is a natural boundary. We shall even accept what 
is called a strong natural boundary in |BSllj : 

Definition 2.1 QBS11]). A function g(z) holomorphic in the unit disc is said 
to have a strong natural boundary on the unit circle if, for every nonempty 
interval (o)i,o>2), 

sup / |^(re iw )|dw = c». (2.2) 

0<r<l Jui- L 

Clearly, if the unit circle is a strong natural boundary for g, then the 
unit circle is a natural boundary in the usual sense, since the function is not 
even bounded in any sector {re w [ r 6 (0, 1), ui € (0)1,0)2)} (as would be the 
case if there were a regular point on the unit circle). 

The article [BSllj provides a remarkable criterium to detect strong nat- 
ural boundaries (Theorem [23] below), based on the notion of right limit that 
we now recall. 

Definition 2.2 ([BSlTj). (i) Let a = {ak}k<=N be a sequence in a topolog- 
ical space E. A right limit of a is any two-sided sequence b = {b n } n ^z 
of E for which there exists an increasing sequence of positive integers 
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{kj}j>i such that 

lim a n+ fc. = b n for every n £ Z. (2-3) 

j->oo 

(ii) Let g be a holomorphic function of the unit disc. We say that b is a 
right limit of g if the sequence a formed by the Taylor coefficients at 
the origin, := g( k \0)/k\, is bounded and b is a right limit of a. 

In view of (|2.3p . each 6 n must be an accumulation point of a. When £7 
is a compact metric space, every sequence a admits right limits; given I G Z 
and c accumulation point of a, one can always find a right limit b such that 
6 f = c (see e.g. [BMS121 Lemma 2.1]). 

In the case of a function g with bounded Taylor coefficients, each right 
limit gives rise to two generating series which will play an important role 
when investigating the boundary behaviour of g: 

Definition 2.3. Given a two-sided bounded sequence of complex numbers 
b = {b n }ngs, we define the inner and outer functions associated with b as 

n>0 
n<0 

where B = { z G C | \z\ < 1 } is the unit disc and E = {z G C | \z\ > 
l}U{oo} is a disc centred at oo in the Riemann sphere C. 

Definition 2.4 ([B Sllj ). Given an arc J of the unit circle, b = {b^n^ 
is said to be reflectionless on J if g£ has an analytical continuation in 
a neighbourhood U of J in C and this analytical continuation coincides 
with g7 on U H E. 

(This terminology, introduced in [BSllj . comes from the spectral theory 
of Jacobi matrices, it is not related to the Schwarz reflection principle.) 

Theorem 2.5 (Breuer-Simon, [BSllj ). Let g be holomorphic in D with 
bounded Taylor coefficients at 0. 

(i) Consider a nonempty interval (u\,uj2) and the corresponding arc of the 
unit circle J = {e luJ \uj G (wi,^)}, and assume that (|2.2p is violated. 
Then every right limit of g is reflectionless on J. 

(ii) If b= {b n } n £z an d b = {b n } n ^z are two distinct right limits of g and 
if there exists N G Z such that either b n = b n for all n > N or b n = b n 
for all n < N , then the unit circle is a strong natural boundary for g. 
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2.2 The rrl-continuable functions 

Breuer-Simon's work motivated the following 

Definition 2.6 ([BMS12J). (i) A renascent right limit of a sequence a in 
a topological space is any right limit b = {b n } ne z of a such that b n = a n 
for all n > 0. 

(ii) An rrl-continuable function is a holomorphic function g which admits 
a renascent right limit b; then g^ = g in ID) and the function , which 
is holomorphic in E and vanishes at oo, is said to be an rrl- continuation 

of g- 

(iii) An rrl-continuable function g is said to be uniquely rrl-continuable if 
it has a unique rrl-continuation; in the opposite case, it is said to be 
polygenous. 

Here is the motivation behind these definitions: 

Proposition 2.7. Let g be an rrl-continuable function. Then 

(i) either there is an arc of the unit circle through which g admits analytic 
continuation; then g is uniquely rrl-continuable and all the analytic 
continuations of g through arcs of the unit circle match and coincide 
with the rrl-continuation of g, 

(ii) or the unit circle is a strong natural boundary for g. 

If g is polygenous, then the unit circle is a strong natural boundary 
for g. 

Proof. Suppose that b is a renascent right-limit of g. If there exists an arc J 
in the neighbourhood of which g = admits an analytic continuation, 
then Theorem I2.5H ) implies that this continuation coincides with the rrl- 
continuation g^ in E. If on the contrary there is no analytic continuation 
for g across any arc of the unit circle, then the given renascent right limit 
is not reflectionless on any arc and the unit circle must be a strong natural 
boundary. 

The last statement follows from Theorem 12. 5( ii). □ 

Example 2.8. In the case of a preperiodic sequence, g{z) = YlkLo a k zk 
with afc = afc+p for all k > m, one checks easily that there is no renascent 
right limit unless m = 0, i.e. the sequence is periodic, in which case g(z) = 
(do + a\z + ■ ■ ■ + a v -\z v ~ v )j (1 — z p ) is rational and uniquely rrl-continuable. 

More generally, any rational function which is regular on the Riemann 
sphere minus the unit circle and whose poles are simple is uniquely rrl- 
continuable] this follows from Theorem 13.41 below (we shall see that one can 
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even afford for an infinite set of poles on the unit circle — of course the func- 
tion is then no longer rational). Notice that we restrict ourselves to simple 
poles because we consider only the case of bounded Taylor coefficients. 

We emphasize that a holomorphic function g with bounded Taylor co- 
efficients may have no rrl-continuation at all, independently of whether the 
unit circle is a natural boundary or not. For instance, if the sequence of 
Taylor coefficients of g at the origin tends to 0, then the only right limit 
of g is b n = and g cannot be rrl-continuable unless g(z) = 0; the previous 
example also shows that no nonzero polynomial is rrl-continuable. 

Observe also that if two holomorphic functions of B differ by a function h 
which is holomorphic in a disc {\z\ < R} with R > 1, then they have the 
same right limits; for instance, for any such h, the function h(z) + (1 — z)~ l 
has only one right limit, the constant sequence b n = 1, but only when 
h{z) = is this right limit a renascent one. 

When an rrl-continuable function g has a natural boundary on the unit 
circle, we may still think of the rrl-continuations of g as being somewhat 
"connected" to g and consider them as a kind of generalised analytic contin- 
uation, and the case of a unique rrl-continuation may then be particularly 
interesting. 

Notice that even with the usual analytic continuation it may happen 
that, for a given g £ <^(B), there are several arcs through which analytic 
continuation is possible but leads to different results. Think e.g. of (1 — 
z) 1/2 (l + z) 1 / 2 . However, in view of Proposition 12. 7\ such examples are not 
rrl-continuable. 

2.3 Power series related to dynamical systems 

A first interesting class of power series which arises in connection with dy- 
namical systems is as follows: 

Definition 2.9. Let £ be a metric space and T: E — > E be a continuous 
map. Given 7 £ E, we consider its orbit {7^. = T k ( / y)}i e >o. Then, for any 
bounded function ip: E — > C, we say that the sequence 

a k = p(T k ( 1 )) : k>0 

is generated by the dynamical system T (in that situation tp is called an 
observable). 

To determine the right limits of the power series XlfcLo v(^ fc (7)) zk > one 
may try to determine first the right limits of the orbit {T k (^)} itself (and 
then to exploit continuity or discontinuity properties of the observable ip). 
The following result is a generalisation of a lemma proved in |BMS12j . 

Lemma 2.10. The right limits of the orbit {p{T k {^)^ }k>o are exactly the 
full orbit^ of T which are contained in the uj -limit set oj(j,T). 

1 i.e. the two-sided sequences {x n } nex of E such that x n +i = T{x n ) for all n G Z 
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Proof. Adapt the argument given in [BMS121 Lemma 2.4] for the case where 
{7^} is dense in E. □ 



One finds in |BMS12t Theorem 2] an example of such a sequence a,k = 
</?(T*(7)) which has uncountably many renascent right limits: the corre- 
sponding generating series is highly polygenous (in that example the ob- 
servable ip is continuous but the dynamics T is a non-invertible map of a 
compact interval of R; the non-invertibility helps construct a huge set of full 
orbits). 

Example 2.11. The arithmetic example due to Hecke 

oo 

9H(z) = J2{ke}z k , z€B, (2.4) 

k=l 

where 6 € R \ Q and { • } denotes the fractional part, was shown to have a 
strong natural boundary in [BSllj . This can be viewed as a series generated 
by the translation x *— > x + 9 on R/Z for a discontinuous observable. 

We shall see in Proposition 12.141 that gn(z) is uniquely rrl-continuable 
and that z~ 1 gn(z) has exactly two rrl-continuations. Notice that, given 
r € N* and g € <^(B) divisible by z r , 

h is a rrl-continuation of g ==>■ z~ r h{z) is a rrl-continuation of z~ r g(z), 

but the converse is not necessarily true. 

Another class of examples arises from symbolic dynamics: if E = U&=i Pk 
is a partition of the phase space in a finite number of sets, we can define the 
piecewise constant observable 

(p(x) := c fc for x G P k , 

for some choice of constants c\, . . . ,c n . Then, given a point x, the corre- 
sponding sequence generated by a dynamical system T: E — s> E is called 

itinerary of x: 

itin(x) :={^T\x))} k ^. 

A powerful application is Milnor-Thurston's kneading theory |MT88j . Let 
T : [0, 1] —¥ [0, 1] be a continuous, unimodal map, with T(0) = T(l) = 
and a critical point c € (0, 1) which we assume non-periodic for simplicity; 
we consider the piecewise constant observable tp which takes the value 1 on 
[0, c] and —1 on (c, 1]. The kneading sequence {ek}k>o of T is defined to be 
the itinerary of c. The kneading determinant is the power series 

D(z) : =l + J2e 1 ---e k z k . 

fe>l 
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One of the applications of the kneading determinant is to find the topological 
entropy of the map. Indeed, if s is the smallest real zero of D(z), then the 
entropy of T equals — logs ( |MT88j . Theorem 6.3). 

Example 2.12. As an example, consider T(z) := z 2 + c with c the Feigen- 
baum parameter (c = —1.401155189 . . .). Then its kneading determinant is 
known to be 

oo 

D(z) = £(-l) T *z", 

n=0 

where r := (01101001 . . . ) is the Thue-Morse sequence generated by the 
substitution — > 01, 1 — > 10, starting with 0. Notice that, by the defining 
relation of r, it is not hard to prove that 

oo 

D (z)=n(i-zn 

(from which it follows that the entropy of T is 0). One can check that D(z) 
has precisely two renascent right limits, hence the unit circle is a strong 
natural boundary. 

A thorough investigation of the applications to symbolic dynamics will 
be the object of a forthcoming article. 

2.4 A theorem about the series generated by a circle map 

The following result is a variant of a theorem proved in |BSllj and used 
there to show that Hecke's example has a strong natural boundary on the 
unit circle. It deals with the series generated by a dynamical system on the 
circle, with a special kind of observable: 

Theorem 2.13. Let T := K/Z. Suppose that f : T — > T is a homeomorphism 
and that x* € T is such that {f k (x*)}keN is dense in T. Suppose that a 
bounded function (p: T — > C is continuous on T\ A, where A C T has empty 
interior, and that each point of A is a point of discontinuity for <p at which 
right and left limits exist and (p is either right- or left- continuous. Let 

oo 

g(z):=J2<p{f k (x*))z k , zeB. 

k=0 

Then: 

(i) If f k {x*) £ A for all k > 0, then g is rrl-continuable. 

(ii) If f k (x*) A for all k > and there exists n < such that f n {x*) G 
A, then g has at least two different rrl- continuations. 
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Proof. Let us use the notation 

Vj ^> y*, resp. yj ^ y*, 

if {yj}j>i is a sequence and y* is a point in T for which there exist lifts jjj and 
y* in M such that lim^oo yj = y* and, for j large enough, y* < yj < y* + ^, 
resp. y* — \ < yj < y* ■ We set 

£n := / n (z*), n G Z 

and notice that, by the density of {xk}k>o in T, for every y* £ T one can 

find increasing integer sequences {kf}j>i and {k^}j>\ such that x,± y*. 

j 

Suppose first that f k (x*) ^ A for all k > 0. Let us choose an increasing 
integer sequence {kj}j>\ such that — > rc* with e standing for '>', un- 
less x* £ A and 93 is left-continuous at x*, in which case e stands for '<'. 
Then, for every n G Z, i n+ ^ = /"(xfc-) f n {x*) = x n with e n stand- 
ing for '>' or '<' according as / n preserves or reverses orientation, and 
6 n = linij^oo (^(^n+fcj) exists by right- or left-continuity of </? at x n . Now, 
for n > 0, we have x n ^ A, hence 6 n = ip(x n ); for n = 0, we also have 
60 = tp(xo) even if xq = x* G A thanks to our choice of {kj}; therefore we 
have found a renascent right limit for {ip(xk)}kem- 

Suppose now that f k (x*) £ A for all k > and that one can pick 
I > such that f (x*) G A. Let us choose increasing integer sequences 

{kf}j>i and {&7}j>i such that x,± ^> x_£. For each n G Z, we have 

x n+f+fc ± x n , with e n depending on whether f n preserves or reverses 

orientation, and b^ = linij_ i , 00 <p(x n+e+k ±) exists by right- or left-continuity 

of ip at x n . For n > 0, tp is continuous at x n , thus b n = tp(x n ), but for 
n = — £ we have 

b_* = lim ip(x) ^ bZf = lim <^(x), 

>> <> 

x — rx_i x — rx_£ 

which means that we have two different renascent right limits. □ 

We now discuss the rrl-continuability of Hecke's example. 

Proposition 2.14. Let us fix 9 G R \ Q and denote the fractional part 
function by {•}. Then the function gu{z) = Ylfr=i{k@}z k ^as a unique 
rrl- continuation, which is 

9H(z) = -Y,{ ne } zn = 9H(z- 1 ) + (l-z)-\ zeE. (2.5) 

n<0 
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Moreover, the function z l gu{z) = Xlfc^=o{(^ + l)@}z k has exactly two rrl- 
continuations: 

-Y,i(n + l)0}z n = z- 1 g„(z) and - z~ l + z' 1 g]j(z) , (2.6) 

n<0 

and the unit circle is a strong natural boundary both for gn{z) °-nd z~ l gn{z). 

Proof. Hecke's example falls into Case (i) of Theorem 12.131 : denoting by 
7r: R — > T the canonical projection, we can define the homeomorphism / by 
/ o tt(x) = ir(x + 9) and the discontinuous observable (p + by ip + o ir(x) = 
x - [x\, then g n (z) = YJk=o a kZ k with a k '■= V + {f k {x*)) and x* := vr(0), 
and A is reduced to {x*} in that case, with ip + right-continuous. 

Therefore, gn has at least one rrl-continuation. To show its uniqueness, 
we observe that the canonical projection ir is a continuous right inverse for 
ip + : T — > R; for every right limit b = {frnjnez of {afc}fceN> this implies that 
y n := ir(b n ) defines a right limit for {f k (x*)}k£Ni and the continuity of / 
and / _1 clearly implies y n = f n (yo); if b is a renascent right limit, then bo = 
0, hence y = x* and y n £ A for n G Z*, and 6 n = ^ + (y n ) = y + (/ n (^*)) by 
continuity of ip + on T \ A. We thus obtain (|2.5p (the representation of 
as 5h(- 2;_1 ) + (1 — z) -1 stems from x G R \ Z ==> — {— x} = {x} — 1). 

On the other hand, the function ^(z) := z~ 1 g^{z) falls into Case (ii) of 
Theorem l2.131 Indeed, the only difference with the previous case is the initial 
condition, x\ = tt(6). Therefore, g has at least two rrl-continuations. By 
Theorem 12. 5f ii). it follows that the unit circle is a strong natural boundary 
for <7, and thus also for g^. 

Arguing as above, we see that any renascent right limit of g is of the form 
b = {b n }n& with vr(6 n ) = f n {x\)- now ir(b n ) G T \ A only for n G Z \ {-1}, 
while 7r(6_i) = 7r(0). Since 6_i G [0,1], we conclude that there are only 
two possibilities: b-\ = or 1. Both cases are possible (if not there would 
be only one renascent right limit), we thus find the two rrl-continuations 
indicated in (|2.6p . 

Notice that these functions can be written — ^2 n<0 ip^ (f n (x*)) z n , with a 
function (p~ : T — > R defined by (p~ on{x) = x — \x\ which is left-continuous 
at vr(0) = f- l {x\). □ 

Corollary 2.15. With the same assumptions and notations as in Proposi- 
tion ^. defining 

oo 

9H„{z) ■= J^{7 + k6}z k , z G D 

k=0 

for every 7 G R \ (Z + 0Z) ; one gets a unique rrl-continuation for gn^'- 

9hJ z ) = ~ £<7 + = 5F,- 7 (^ 1 ) + 2(1 - z)" 1 + {7}, (2.7) 

n<0 

and i/ie unit circle is a strong natural boundary. 
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Proof. The existence of the rrl-continuation is guaranteed by Theorem l2,13f i) , 
exactly as in the proof of Proposition 12.141 One finds that (|2.7p is the only 
possible rrl-continuation by following the same lines. 

Since is an accumulation point of the sequence {a^ = {7 + k#}} fceN , 
we can find a right limit {&n}nez such that bo = 0. With the same notations 
for 7r, / and ip + as in the proof of Proposition 12,144 since tt is continuous, 
it maps {b n } onto a right limit {y n } of the sequence {7r(afc) = f k {'^('y))}, 
which is necessarily of the form y n = f n (yo) (because / is continuous). Since 
yo = tt(0), the observable 99 + is continuous at each of the points y n with 
n G Z*, hence {ip + (y n )} is a right limit of the sequence {</? + o ir(ak) = at}- 

We just obtained that {n9} ne z is a right limit of gu^. By virtue of 
Proposition 12.141 this right limit is not reflectionless on any arc, Theo- 
rem I2.5H ) thus implies that the unit circle is a strong natural boundary. □ 

Remark 2.16. There is a relationship between the arithmetical properties 
of and the functions <?h,7 : for any < 71 < 72 < 1, 

72 — 71 V - "' k 

fe6AT(7i,7 2 ) 

where ^(71,72) is the set of the occurence times of the sequence {{&#}} fc>0 
in [1 -72,1 -71), tnat is ^(71,72) := { k 6 N | k0 G [-72,-71) 



3 Poincare simple pole series and rrl-continuability 

3.1 Poincare simple pole series 

The second half of this article is dedicated to what is probably the sim- 
plest non-trivial situation in which one might wish to test the notion of 
rrl-continuability. The main theorem is Theorem 13.41 below, which was an- 
nounced without a proof in |BMS12( Appendix A. 2]. 

We shall use the same notations as in Definition 12.31 for C, D and E. We 
shall denote by § the unit circle, viewed as a subset of C C C. 

Definition 3.1. Let ^ 1 (S, C) be the set of all functions p: S — > C such that 
the family {p(A)} Agg is summable. Given p £ C), its support is the set 
(finite or countably infinite) 

suppp := {A e S I p(X) / 0} = {Ai, A 2 , . . .} 
and |p(A)| = |/3(A m )| < 00. We then define the Poincare simple pole 
series (PSP-series for short) associated with p as the function 

E(p)(s)=X)4rT' z£C\^p-, (3.1) 
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and the inner and outer PSP-series by 

S(p)+ := S(p)| D G <?(B), E(p)- := E(p), E G tf(E). 

We say that the outer PSP-series E(/o) _ is associated with the inner PSP- 
series 

Since the series (|3.1|) converges normally on every compact subset of 
C \ suppp, the functions E( / o) =t are holomorphic respectively on D and E. 

Our terminology is motivated by Poincare's article |Po83j (see also |Po92j ). 
where he studies this kind of series; assuming that the support of p is dense 
in S, Poincare proves that the unit circle is a natural boundary for S( / o) ± and 
he discusses the relationship between the two functions. Later Borel, Wolff 
and Denjoy studied such series, considering also more general distributions 
of poles A (not restricted to lie on §). 

The subclass of PSP-series E(p) with supp p contained in the set of roots 
of unity was studied in |MS03j for dynamical reasons, in relation with small 
divisor problems. 

Notice that one might be tempted to enlarge considerably the frame- 
work by considering series of rational functions which are regular in C \ § 
rather than series of simple poles. However one must be aware that such 
an expansion may represent a constant function in ID and another constant 
function in E, a phenomenon which certainly does not fit with our intuition 
of what generalized analytic continuation should be (see |Po92] . [RS02j ). 

The class of inner PSP-series is an interesting class of functions for which 
we shall prove unique rrl-continuability. It clearly contains the rational 
functions which are regular on C \ § and whose poles are simple, but we are 
more interested in the case where § is a natural boundary. 

Any inner PSP-series uniquely determines the associated outer PSP- 
series, because p and thus E(p)~ are uniquely determined by E(/3) + : 

Lemma 3.2. Suppose that p £ £ 1 (S, C). Then 

p(X) = lim(z — A) E(p) + (z) as z — > A radially 

for every A G §. Hence the map p € ^ 1 (S, C) i-> E(p) + G ^(D) is injective. 

Proof. Given A* G §, we can write 

(z - X*) S(p)+(z) - p(A*) = Y, PW^Y> z 6 D - 
For each A 7^ A*, we have z G [0, A*] < 1 and f^x 

as z — > A*, 

whence the result follows by dominated convergence. □ 
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Remark 3.3. In fact, one even has 

p(A) = lim (z - A) Z(p)+(z), AGS, 

JVT. 
2 — >• A 

where ' lim ' denotes nontangential limit. 

NT. 

Lemma [3.21 shows that, if A G suppp, the function is not bounded 

on the ray [0, A] , hence A is necessarily a singular point of the function. This 
entails a dichotomy: 

(a) either supp p is not dense in §; then C\supp p is connected and S\supp p 
is a countable union of open arcs of the unit circle, in the neighbourhood 
of which S( / o) is holomorphic; we can thus view and as the 
analytic continuation of each other through any of these arcs; 

(b) or supp p is dense in the unit circle, D and E are the two connected 

components of C\supp p = C\S and the unit circle is a natural boundary 
for both Tj(p) + and 

In the latter case, one may still study the convergence of (|3,ip on the unit 
circle (by restricting oneself to z € § "sufficiently far" from supp p) and try to 
"connect" the functions and by a property of Borel-monogenic 

regularity. We shall return to these questions later (Proposition 13. 7| ). 

Our main theorem about inner PSP-series is in term of the notion of 
generalized analytic continuation discussed in Section [2j the outer PSP- 
series is the unique rrl-continuation of the inner PSP-series with which it is 
associated. 

Theorem 3.4. Let g £ ^?(D) be an inner PSP-series. Then g is uniquely 
rrl-continuable and its rrl-continuation is the associated outer PSP-series. 

The proof will be given in Sections 14.11 and 14.21 Together with Proposi- 
tion [2]71 this immediately yields 

Corollary 3.5. Assume that the unit circle is a natural boundary for an 
inner PSP-series g (i.e. the support of the corresponding p € £ 1 (S,C) is 
dense in §). Then the unit circle is a strong natural boundary for g. 

3.2 An example 

Here is an example which is reminiscent of Hecke's example: 

Proposition 3.6. Let ip: R — > C be continuous and 1-periodic and assume 
that the sequence of its Fourier coefficients is absolutely conver- 

gent: 

J2\m\<oo. (3.2) 
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Then, for any 9 € R \ Q, the sum of the convergent power series 

g +( z ) ■- ^ <p(n6)z n , zeB (3.3) 

n>0 

is an inner PSP-series, with associated outer PSP-series given by 

g~{z) :=-J>(n0)* n , z € E. (3.4) 
n<0 

Moreover, if ip is not a trigonometric polynomial, then the unit circle is a 
strong natural boundary for g + . 

Proof. Use the formula (|4.2p for the Taylor coefficients at of an inner PSP- 
series and the coefficients at oo of the associated outer PSP-series: consider 
the pairwise distinct points Xj = e~ 27ry , j e Z, and define p: § — > C by 

and p(X) = if A is not an integer power of e~ 2nlS ; then p € £ 1 (S, C) and 
- E P(A)A-™" 1 = Y. ¥(j)^ ijnd = f(n9), hence g ± = S(p) ± . □ 

In Hecke's example, the observable violates condition ()3.2|) and is not 
continuous. Still, the formula (|2.5p that we obtained for its rrl-continuation 
looks like an echo of (13. 4[) . 

3.3 Monogenic regularity 

Let us return to the general case of a PSP-series S(/3). We now wish to 
analyze the relationship between the inner and the outer functions in terms 
of regularity: at least for a certain class of /o's, the connection between them 
can be reinforced. The reader is referred to |MS03] or |MS11] for the defini- 
tion of the space of Borel monogenic functions ^{{Kj), C) associated with 
a monotonic non-decreasing sequence of compact subsets of the Riemann 
sphere C and to jMSllj for the notion of ^' 1 -quasianalyticity 

Proposition 3.7. Let p € £ 1 (S, C) with infinite support 

suppp = {Ai, A 2 , . . .} 

and assume that there exists a > 1 such that Em=i m<y \p{^m)\ < oo. 

Then there exists an increasing sequence (Kj) of compact subsets of C 
such that K := |J Kj has its complement contained in the unit circle and of 
zero Haar measure, and such that the space of Borel monogenic functions 
associated with {Kj), 

JZ({Kj),C), 
contains T,(p) and is J^ 1 -quasianalytic. 
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Proof. For each m > 1, let uj m G [0, 1) be such that A m = e 27rlWm . For j > 1, 
define 

Af := {go G R I Vm > 1, ViV" G Z, |w - w m — JVl > — !— } 

and observe that the Lebesgue measure of [0,1] \ Aj is less than 2((a)/j 
(where £ denotes the Riemann zeta function). Proceed adapting [MSllt 
sect. 5] (or jMS03l sect. 2.4-2.5]). □ 

The J^-quasianalyticity property means that any function g of the 
space ^{{Kj) % C) is determined by its restriction to any subset of K which 
has positive linear Hausdorff measure; in particular it is determined by its 
inner restriction g^ n . This yields a totally different way of recovering the 
outer function g^ from the inner function. In view of Theorem l3.41 one may 
wonder whether it is true that g^ is the only rrl-continuation of g\j$ for any 
ge^{(Kj),C)- 

A particular case of Proposition 13.71 occurs in the case of the solution 
Ylm=i Gm q m-i °f the cohomological equation considered in |MS03] (with 
the "multiplier" q playing the role of the variable z of the present article). 



4 Proof of Theorem 13.41 

4.1 Existence of rrl-continuation by the outer function 

Let p G £ 1 (S, C), g := S(/3) + , h := T,(p)~ . We must prove that h is an 
rrl-continuation of g. 

The Taylor expansion of g at the origin and the Taylor expansion of h 
at oo are easily computed by expanding the geometric series = — A~ 1 (l — 
X~ 1 z)~ 1 = z (1 — Az" 1 )" 1 and permuting sums; one can write the result 
as 

g(z) = b n z n , h(z) = - bnz n , (4.1) 

n>0 n<0 

b n := - p(A)A _n_1 for n G Z. (4.2) 

Aes 

The problem is thus to find an unbounded integer sequence (kj)j>i such 
that 

lim b n+ k = b n for every ndZ (4.3) 

j->oo 3 

(indeed, from any such unbounded sequence, one can extract an increasing 
sequence for which (|4.3|) still holds, showing that b = (6 n )nez is a right limit 
of (b k )k£N, with g = g£ and h = g^). 
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We have b n+ k 3 = — Sags ^ fcj ' /°(^)^ n By the dominated conver- 
gence theorem, if the sequence (%)j>i satisfies 

lim A fej = 1 for each A € supp p (4.4) 

j-s>oo 

then (|4,3p holds. The problem thus reduces to find an unbounded integer 
sequence ikj)j>\ satisfying (|4.4p . 

Assume that supp p is contained in the set of all roots of unity. Then 
one can take kj := j\, since A j! = 1 for any j > order of A as a root of unity. 

2nd case 

Assume that supp p is not contained in the set of all roots of unity. We 
write supp p = {X\, A2, • • •}■ For each j > 1, we set 

Vj := {e 2 ™ I < u < 1/j} C S 

and we consider the "cells" 

(where e 27ri ^/ J V} is short-hand for { e 27nw | £ r /j < uj < (£ r + l)/jf }) for each 
integer j-tuple (£-i,&2, . . . with < £x,l2, ■ ■ ■ ,£j < j — 1; these are j J 
cells which cover the torus . Now consider the j- 7 + 1 points 

Aj, m ■= (XT, X^,..., Xf) € SP, for m 0.1 f. 

Out of them, at least two belong to the same cell, we thus can find rrij < m'- 
such that h-j.uij and A^ m / belong to the same cell Wg lt e 2l ...,£j i this means 
that 

A^A^ee 2 -^ 
for all r = 1, 2, . . . , j. This implies 

Xr d € V}, where kj ■= m'j — rrij (4.5) 

k 

for all r < j. Keeping r fixed but arbitrary, we thus get limj_ 5 . 00 A r J = 1. 
Therefore we have obtained (|4.4|) with the sequence {kj)j>i defined by (|4.5|) . 
Now this sequence cannot be bounded because, if it were, (|4.4p would imply 
that each element of supp p is a root of unity. This ends the first part of the 
proof. 
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4.2 Uniqueness of rrl-continuation 
4.2.1 Reduction of the problem 

Let p G C), g := E(/3) + , h := S(p)~. We must prove that any rrl- 

continuation of g coincides with h. In fact we shall prove more: using the 
notations (|4,ip - (|4,2p for the Taylor coefficients of g and h, we shall see that, 
for any increasing sequence of positive integers {kj}, the property 

lim = b n for each n > (4-6) 

j->oo 3 

implies 

lim X~ kj = 1 for each A G supp p. (4-7) 

j->oo 

By the dominated convergence theorem, this will imply 

lim b n+ k = b n for each n < 0. (4-8) 

j->oo 3 



Indeed, recall that 



b n = - P(A)A""^ 1 for neZ, 
Aes 



hence b n+ } tj = — ^2\ e §p(^)^ n 1 ■ A k i will tend to b n also for negative n. 
The implication (j4.6[) => ()4.7p will follow from the 

Proposition 4.1. T/ie operator M: f(S,C) -)• £°°(N) de/med 6y 

M(a)(n) := J^a(A)A n , n G N 

Aes 

for every a G C) is injective. 

Proposition \4-l\ implies the second part of Theorem \3-4\ Suppose that (|4.6p 
holds for a sequence {kj}, i.e. 

V p(A)A _n_1 • A - *' ► V p(A)A _n_1 for each n > 0. 

Aes Aes 

This assumption can be rewritten as 

{(j> n ,ipki) > (<f>n,X) for each n > 0, (4.9) 

where the scalar products are intended in the Hilbert space H := £ 2 (supp p, C) 
and 4> m , ip m , x G H are defined for any m G N by 

</» m (A) = |p(A)| 1/2 e ie ( A )A- m - 1 , 
^ m (A) = |p(A)| 1 / 2 A m , 
X(A) = | P (A)| 1 / 2 , 



16 



for every A G supp/5, with any 0(A) G K such that p(A) = \p(X)\e l9 ^ . Let 
W denote the closure of the span of {4> m } m ^n hi H. Since \\ipkj — x\\ H < 
2 1| x we get, by dominated convergence, 

(0, ^- ) ► (0, X> for each </> G W (4.10) 

Now, suppose (3 G VK -1 . This means that /3 € ^ 2 (suppp, C) and 
/3(A)4(A)A n = for each n > 

AGS 

(because n (A) = o (A)A" n ). Setting a(A) := P(\)(f> (\), we get a G ^(S, C) 
such that M(a) = 0, which implies a = by Proposition 14.11 hence /3 = 0. 
Thus is the whole if. 

Given A G §, we define o" A € # by S X (X') = \p(X)\ 1/2 if A' = A and 
Sx(X') = if A' ^ A. Then, gJU]) with (j) = 5 X reads 

(S x ,^ k .) = \p(X)\X- k > ► (S X , X ) = \p(X)\, 

which is (|4.7p . As explained above, this implies (|4.8p and the proof is com- 
plete. □ 

4.2.2 Proof of Proposition 14.11 

We first introduce some notation: given Fc§ finite, we define the polyno- 
mials 

P F {X) := H {X - p,), Q X>F ( X ) ■= II ( X ~ A*) for each A e F - 

A*6F A*eF\{A} 
Observe that 

Q XsF (X) = Pf\{x}(X) = and Q X , F (X) = P F (X) for each A G F. 

(4.11) 

Lemma 4.2. Let F be a finite subset o/§ and a G ^ 1 (S, C). T/ien 
M{a) = =^ a(A) = - V ^ A ' F ^ a(/z) /or eac/i A G F. 

Proof. The assumption M(a) = implies that, for any Q G Cpf], 

^g( At )a(/i) = 0. 

Choosing Q = Qa.f> since Q XjF (p) = for p £ F \ {A}, we get 
Q A ,F(A)a(A) + Y QxAp)a{p) = 0. 

□ 
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This is already sufficient to conclude when the support of p is contained 
in the set of roots of unity 

St ■= (J 9tn, SZ m :={AeS|A m = l} for m G N*. 

m>l 

Lemma 4.3. Lei a G £ 1 (§, C) mfc/i suppp C ffl. Then 

M(a) = =^> a = 0. 

Proof. Suppose supp a C ^ and M(a) = and fixAGf. For every m > 1 
such that A G Lemma 14.21 implies 

= - 2^ n m a ^- 



But P^ m (X) = X m - 1 and, by gUJ, 



k=0 



therefore Q\,.%> m (\) = m\ 1 and Qa^KWi (a*) I — m f° r every /i G S, whence 



Q\,St, m W 



< 1 and 



|«(A)|< ^ 

By choosing m = j\, since the sequence {&j\}j>i exhausts we get a 
sequence of inequalities in which the right-hand side tends to as j tends 
to oo, whence a(A) = 0. □ 

For the general case, the idea is to use Diophantine approximation to 
enrich any finite subset of supp a so as to make it "close enough" to one of 
the sets 38 m . By "close enough", we mean that Pp(X) is close to Pa$ m (X) = 
X m — 1 in the following sense: 

Definition 4.4. Let e 6 (0,1). A finite subset F of S is said to be e-balanced 
if 

\p F (x)-(x\ F \-i) 

where \F\ denotes the cardinality of F and || • ||j : C[X] — > M + is defined by 
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||ao + a\X H h aaX \\ x := \a \ + \ai\ H h \a d \. 

Lemma 4.5. Suppose that F C § has finite cardinality m > 1. Let A G F . 
Then 

(i) one has ||Qa,f|Ii < m ll-fF||i/ 
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(ii) if moreover F is e-balanced for a given e £ (0, 1), then 

max|QA,F(Ai)| < m(2 + e) and \Q\ f(A)| > m(l — e). 

Proof. We can write Pp(X) = ao + aiAT + • • • + a m X m with a m = 1 and 
Qx,f( x ) = b o + hX + ■ ■ ■ + ^-il™- 1 . 

(i) The identity P F {X) = (X - X)Q x ,f(X) implies 

a = -Xb 

ai = -Xbi + b 



a-m-i — — Ai> m -i + &m-2- 

This entails |6o| < |ao| and \b^\ < |a^.| + for k = 1, . . . , m — 1, whence 

IM < |«o [ + " " " + \ a k\ < II-PfIIi for fc = 0, ...,m- 1, and finally ||Qa,-f||i < 
771 II -PHI i- 

(ii) The e-balancedness assumption reads 

|oo — l| + [ai|H h|o m _i[<e. (4-12) 

On the one hand, we have ||-Pf||i < \\X m — l||i+e = 2+e, hence max§|Q^ p\ < 
IIQa.fIIi < m(2+e) by (i). On the other hand, by @JU>, Qa,f(A) = Pp(A) = 



mA m-i + ^-m-i A , afcA fc-i and gjgp implies that YJk=i ka k^ k 



'■ m ~ 1 U„. \k-l 



< me, 



whence the conclusion follows. □ 

Now, by adapting the proof of Lemma 14.31 we get 

Lemma 4.6. Let e 6 (0, 1). Let a € C) with suppo C Fj, where 

j>i 

{-f)}i>l arc increasing sequence of e-balanced subsets o/S. T/ien 

Af (a) = a = 0. 

Proof. Suppose M(a) = and fix A £ ^. For every j > 1 such that A € Fj, 
Lemma 14.21 implies 

and Lemma l4.5f ii) then yields 

l«(A)| < |±£ £ |a(M)|. 

The right-hand side tends to as j tends to oo, therefore a(X) = 0. □ 
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Now, the following Diophantine approximation result will be sufficient 
to conclude: 

Lemma 4.7. For any finite subset G o/S there exists a finite subset H ofE> 
such that GU H is ^-balanced. 

Proof of Lemma\4j\ Let us write A = e 27ri6,(A) with 0(A) G R for each A G G. 
Let m := |G|. For each integer M > 1, Dirichlet's theorem ( |Ca57j . Thm 
VI) yields integers N and {j>(A)}a<=g such that 1 < N < M and 



0(A) P(A) 



< -1 — for each A G G. 

- NM l / m 



We shall see that 

fT:=^ JV \{e 2n1 fW/ JV } A6G 

satisfies the required properties provided M is large enough. 

Let F := G U H: this set is obtained from the set of all iVth order 
roots of unity by replacing those of the form Q 27ri P( x )/ N by the corresponding 
e 27n0(A)_ Choosing M > 2 m , we ensure that \F\ = N (because for p ^ p', 

ji — jj > cannot be < NA fi/ m ) and there is a bijection £: — > F 
such that 



/iGf^G) =► ^(/i) = A such that /i = e 2wip(A)/Jv . 
We can set 6(fi) ■= fi — £(p>), so that 

»eCHH) 8(n) = 0, 

H G £ _1 (G) => |%)|< 



NM l l m ' 

We want ||Pf — P^Hj < §. We have 

P F (X)= H (X-Z(jj))= J] (W = E 5kPm n \k{X) 

with the notation 5^ := ] [ 8(fi) for any subset K of ^at. Of course 5$ = 1 
and if £ -1 (G) =>• <fc = 0, hence 

p F (x) - p^jx) = £ ^wW' ( 4 - 13 ) 

0^A'Cf- 1 (GO 

Let if C f -1 (G) with = k > 1. On the one hand, |<fr| < ( jyA ^ /m ) fc . 
On the other hand, Lemma l4~5lf i) says that 1 1 -fL\{/i} 1 1 1 < I-^III-Pl|Ii> by induc- 
tion on k, this yields HP^^)^ < N(N - 1) ••• (N - k + l)\\P$e N || x < 2N fc , 
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whence ||<Sk'P^ jv \k-|| 1 < 2 ( A/ 2 i/ m ) k < 2 f^ /m ■ Since there are at most 2 m 
choices for K subset of £ _1 (G), (gJSll then yields ||Pf -P^||i < 
2 m+1 ^p/ m , which is < | for M large enough. □ 

Pnd of the proof of Proposition \4-l\ Suppose a £ £ (8, C) and M(a) = 0. 
Since suppa is countable, we can find a sequence {F*}j>\ of finite subsets 

of S such that supp a C Pj* . We proceed by induction to construct an 

increasing sequence {Pj}j>i of ^-balanced subsets of 8 such that 

P fc * C F k for each k £ N*. (4.14) 

For j = 1, Lemma 14.71 yields a finite i/i C S such that Pi := F* U Pi is 
^-balanced. For j > 1, assuming to have already defined ^-balanced subsets 
Pi C • • • C Pj-i such that (|4.14|) holds for = 1, ... ,j — 1, we applpy 
Lemma [4.71 with G = Pj-i U F*: this yields a finite Hj C S such that 
Fj := P,-_i U P* U Pj is ^-balanced. 

The inclusion suppa C Fj with such a sequence {P/}j>i implies 

a = 0, by virtue of Lemma 14.61 □ 
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